Abstract. An invariant solution of a differential equation is a solution of the differential equation which is also an invariant curve (surface) of a group admitted by the differential equation. For an ordinary differential equation (ODE) such solutions can be found without determining its general solution.
1. Introduction. If an ordinary differential equation admits a one-parameter Lie group of transformations, then special solutions called invariant solutions can be constructed without knowledge of the general solution of the ordinary differential equation (ODE) . Such solutions are invariant curves of the group. Usually at most a finite number of invariant curves of the group yield invariant solutions of the ODE.
A theorem is proved which shows that it is unnecessary to find explicitly all invariant curves of a group admitted by an ODE in order to determine which invariant curves yield invariant solutions. This theorem shows that invariant solutions of an ODE are essentially found by solving algebraic equations derived from the given ODE and infinitesimals of admitted one-parameter Lie groups of transformations.
Invariant solutions are especially interesting for first-order ODEs. It turns out that separatrices and/or envelope solutions, if they exist, are invariant solutions for every admitted nontrivial one-parameter Lie group of transformations.
Wulfman (1979) considered group aspects of separatrices which are limit cycles. Dresner (1983) discussed the construction of separatrices when a first-order ODE admits scalings. Page (1896) (see also Page (1897) , Cohen (1911) ) considered the construction of envelope solutions as invariant solutions. In this paper we present general results on the algebraic construction and geometrical significance of invariant solutions of ODEs. These results have appeared in Bluman and Kumei (1989) for ODEs written in solved form for the highest derivative. Here we make no such restriction.
We briefly review some background material on symmetries and differential equations relevant to the rest of the paper. For details see Bluman and Cole (1974) , Olver (1986) , Ovsiannikov (1982) , or Bluman and Kumei (1989) .
Consider an nth-order ODE (1) F(x,y, yl,''", y.) We can show that b (x, y) 0 is an invariant curve of (2) if and only if X th (x, y) 0 when b(x, y)= 0. This is equivalent to saying that b(x, y)= 0 is an invariant curve of (2) if and only if b(x, y)= 0 is a solution of the first-order ODE y'= rl(x, y)/(x, y).
The kth extended infinitesimal generator of (3) (2) (6) F(x, y,
in some domain D c R2. In this case each solution curve of F(x, y, Yl) 0 is an invariant curve of the group (2) and, conversely, each invariant curve of (2) is a solution curve of F(x, y, Yl)= O.
(ii) Nontrivial one-parameter Lie groups whose infinitesimals ((x, y), r/(x, y)) do not satisfy (6) in any domain in R 2 but do satisfy the invariance condition X(I)F(x, y, y)= 0 when F(x, y, Yl)= O.
In this case the family of solution curves of F(x, y, Yl) 0 is invariant under the group (2) but an arbitrary solution curve of F(x, y, y)=0 is not an invariant curve of (2). Here only special solution curves of the ODE F(x, y, y) 0 are invariant curves of (2).
It is immediately evident from (6) (2) is to first obtain the general solution (7) g(x, y; C) 0 of the ODE y'= rl(x, y)/(x, y) (the one-parameter family of invariant curves of (2)) and then substitute (7) into ODE (1) to find which values of C C* lead to (7) solving ODE (1). Any such value of C C* yields an invariant solution c(x, y)= g(x, y; C*)= 0 of (1) related to its invariance under (2). It is now shown that usually it is unnecessary to solve ODE y'= ,?(x, y)/(x, y) or any other ODE in order to find the invariant solutions of (1) related to the invariance of ODE (1) under group (2). In Case (I) ODE (1) has no invariant solutions related to its invariance under (2).
In Case (II) each solution of the ODE y'= q(x, y)/ ((x, y), i.e., each invariant curve of (2) (10) y(n) + aly(n-1) + + an-lY' + any O.
We find all invariant solutions of (10) Any solution h r of (12) (10) for arbitrary constant C.
(iii) If r is a simple root of p(h)=0 and h =r, then Q(x, y)#0 and hence no solution of (10) is obtained (Case I).
(iv) If p(h)=0 and r is not a simple root of p(h)=0, then Q(x, y)=-0 and any solution of y'= hy + oe yields a solution of (10). If h r, then this invariant solution is y--ClerX+ C2 e for arbitrary constants C1, C2; if h =r, then the corresponding invariant solution is y C1 er + C2xerX for arbitrary constants C1, C2.
As a second example consider the Blasius equation (13) y'"+1/2yy"=O, (13) (20) We can show that (22) is a limit cycle of ODE (21). Typical solution curves of (21) are illustrated in Fig. 2 . 
